It was established by Reinhard Knörr that the half of Brauer's height zero conjecture which assumes an abelian defect group would follow from the nonexistence of certain integral representations of abelian p-groups. We establish nonexistence of such representations of rank less than 14 for the elementary abelian group of order 8 and believe these to be the first results of this kind. The result is made possible by imposing a simple rationality condition.
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Here, ν p denotes the exponential p-adic valuation of the rational numbers.
The main result of [4] implies that if D is abelian, then D = V . Thus, if one could show that a virtually irreducible lattice of an abelian p-group was necessarily of p rank, it would follow that absolutely irreducible characters lying in blocks with abelian defect groups were necessarily of height zero, as conjectured by Brauer. After discovering this impressive approach to Brauer's question, Knörr displays in [5] a virtually irreducible lattice of rank 6 for the elementary abelian group of order 16.
However, Knörr's lattice has an interesting property which suggests that it is in fact not a reason to abandon the strategy. To present the lattice, it is necessary to assume that R contains a cube root of 2. Thus, to define this lattice it is necessary to assume R is a (non-abelian) ramified extension of Z 2 . We have, however, the following well-known lemma. In particular, if χ lies in a 2-block with defect group D of exponent 2, then χ is afforded by an RG-lattice in which R is an unramified extension of Z 2 . The source of such a lattice will be, by Knörr's results, a virtually irreducible RD-lattice, unlike that presented in the paper [5] . We note here that it is conjectured in [3] that the division algebra mentioned in the above proof should be commutative when both p = 2 and the defect groups are abelian. This is proved when G is solvable in [3] .
Lemma 1. Let χ lie in a p-block of G with defect groups
We are led to try and prove that a virtually irreducible RD-lattice for an abelian p-group D of exponent p m and R contained in the valuation ring of K as defined in the above lemma is necessarily of rank not divisible by p. We believe that defect groups of exponent 2 and R unramified over Z 2 form a good starting point, and it is this case which concerns our main result. The author is grateful to his friend Akaki Tikaradze who provided Lemma 4, inspiring much of the proof. The following handles the case of a rank 2 virtually irreducible lattice. This case also follows from Proposition 2.2 below because a rank 2 lattice for an elementary abelian group of order 8 cannot be faithful. We retain the notation R throughout the paper and assume nothing about ramification other than where explicitly stated. 
Vanishing characters
The proof of the first statement of Theorem 1.1 (and hence the first statement of Corollary 1.2) begins with the lemma which originally convinced the author that results on virtually irreducible lattices for abelian p-groups could be attained. 
The first statement of Theorem 1.1 is deduced by combining a fact proved by Knörr with the classification of indecomposable lattices for groups of order 2. Both of these facts will also be used in studying virtually irreducible lattices of rank 6 and 10.
We begin with the group of order 2. Let π denote a uniformizer for the ring R so that (π ) is the maximal ideal of R, and say that (π e ) = (2) for a natural number e. Let z be an involution. It is well known that the indecomposable R z -lattices are all of rank 1 or 2. Because R is a principal ideal domain, those of rank 1 are determined by the two irreducible characters of z . Those of rank 2 are
given by the maps z →
, for 0 n < e. The only conclusion we need from this classification is that the trace of the action of z on an indecomposable R z -lattice of even rank is equal to zero. The fact proved by Knörr that we need is the following. From now on, we take D to be an abelian 2-group, and we assume the maximal ideal of R contains 2.
Lemma 4. Let M be a virtually irreducible RD-lattice. Assume that M is an RD-lattice such that
Assume further that M has a rank 1 direct summand. Then M has odd rank.
Proof.
We have an endomorphism of M given by twice the projection onto the given rank 1 summand of M . Letφ denote this endomorphism. Observe that rk(M ) = rk(M), and that tr(φ) = 2.
Because 2M ⊆ M , we can extendφ to all of M by defining ϕ(m) = . This is the part of our argument which requires R to be unramified over Z 2 . Second, we will use Lemma 3 to understand the rank 1 RD-summands of (M H ) ss , and third we will show that for carefully chosen H , the rank 1 RD-summands of (M H ) ss give rise to rank 1 summands of 2M + (M H ) ss .
These three steps are quite general, and it is likely that a proof of the nonexistence of even rank virtually irreducible RD-lattices for D of exponent 2 and R unramified over Z 2 will have a similar outline. The assumption that a counterexample M to Theorem 1.1 has rank 6 or 10 is only used at the end of the argument.
We now give the result of Butler that we need. The proof is included to illustrate how the assumption that R is unramified is used. 
, and y 0 = f x 0 ∈ M − 2M. Since R is unramified over Z 2 , the maximal ideal of R is (2) . It follows that R · y 0 has an 
If M is such a lattice and H is a maximal subgroup of D, then an argument similar to that used in Proposition 2.2 shows that M H has no direct summands of odd rank. It then follows from Corollary 3.2 that M H decomposes as the direct sum of a copy of the regular RH-lattice and an indecomposable RH-lattice of rank 2. From this, it easily follows that the character afforded by M vanishes on some element of H , contradicting Lemma 3. 2
We end this section with an elementary fact about the regular lattice for a Klein four group and one consequence that will be necessary for the rank 10 case of Theorem 1.1.
Lemma 5. Let P be a copy of the regular RH-lattice where H is a Klein four group. Then
Proof. This is left to the reader. 2 
Even subgroups, odd subgroups, and the rank 10 case
In the argument for the rank 6 case of Theorem 1.1, essential use was made of a maximal subgroup of D. However, it made no difference which maximal subgroup was used. This will cease to be true in the rank 10 case. We will divide the maximal subgroups of D into two disjoint sets, called the even subgroups and the odd subgroups. Then we will show that there exists an even subgroup and conclude the proof of Theorem 1.1 using this subgroup.
Our starting point is the first thing proved by Knörr in It is not hard to show that the number of even subgroups is in fact equal to either 3 or 7. 
is a decomposition of RD-lattices. It is clear that we have a decomposition of R-lattices as above. It remains only to show that R · m + L 2 + W is in fact an RD-lattice. For this, it suffices to show that
for elements r ∈ R, w ∈ W , l 1 ∈ L 1 , and l 2 ∈ L 2 . Multiplying through by 2 and applying the RD-linear
from which it follows that l 1 = 0, as required.
Thus 2m has nonzero projection onto L 1 . Similarly, 2m has nonzero projection onto L 2 . Now if L 1 and L 2 happen to be isomorphic RD-lattices, then we can replace L 2 by a pure R-submodule of L 1 ⊕ L 2 which contains 2m to obtain a situation in which 2m has zero projection onto L 1 . We will complete the proof by using the assumption that H is an even subgroup to show that we can in fact
Recall the decomposition of (M H ) ss given by the four irreducible characters of If M is a virtually irreducible RD-lattice for R and D as above whose rank is even and at least 14, we know that at least two copies of the regular RH-lattice appear in M H for every even subgroup H of D. However, this does not force the character afforded by M to vanish anywhere, and we do not know how to produce a rank 1 summand of 2M + (M H ) ss in this case. Nonetheless, we believe the techniques used in the proof of Theorem 1.1 should remain relevant in further investigations of Brauer's height zero conjecture.
